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Abstract. We prove that a diffeomorphism of a manifold with an Ehresmann
connection is an automorphism of the Ehresmann connection, if and only if; it is a
totally geodesic map (i.e., sends the geodesics, considered as parametrized curves,
to geodesics) and preserves the strong torsion of the Ehresmann connection. This
result generalizes and to some extent strengthens the classical theorem on the
automorphisms of a D-manifold (manifold with covariant derivative).

1. Introduction

It is well-known (and almost trivial) that two covariant derivative oper-
ators on a manifold are equal, if and only if, they have the same geodesics
and equal torsion tensors. Heuristically, this implies that a diffeomorphism
of a manifold with a covariant derivative is an automorphism of the covari-
ant derivative, if and only if, it is a totally geodesic map (i.e. sends geodesics,
considered as parametrized curves, to geodesics) and “preserves the torsion”.
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A formal proof of this conceptually important result may be found e.g. in a
celebrated paper of J. Vilms [14] for the torsion-free case.

Here we shall investigate similar questions for manifolds endowed with
an Ehresmann connection. Briefly, by an Ehresmann connection over a man-
ifold M we mean a fibre preserving, fibrewise linear map from TM X TM
into TT' M, which is a right inverse of the canonical surjection TTM —

TM x 3 TM and smooth over TM xp; TM, where TM is the bundle of
the nonzero tangent vectors to M (confer C1-C4 in Section 6). In his in-
fluential paper [7], J. Grifone introduced the concept of strong torsion of an
Ehresmann connection and proved that an Ehresmann connection is uniquely
determined by its strong torsion and geodesics. This result makes it plausi-
ble that a totally geodesic map of a manifold with an Ehresmann connection
which “preserves the strong torsion” is an automorphism of the Ehresmann
connection (and conversely). After quite detailed, but not too difficult prepa-
rations we show that this is indeed true. Surprisingly or not, a large part
of our reasoning is based on simple “commutation relations” concerning the
push-forward operations by a diffeomorphism and the fundamental canoni-
cal objects introduced in Section 3 on the one hand (Section 5), and some
“non-canonical” commutation relations implied by an automorphism of an
Ehresmann connection (Lemmas 7.1-7.3) on the other hand.

In the concluding section we show that if the Ehresmann connection is
homogeneous and of class C' on its whole domain, and hence it canonically
leads to a covariant derivative on the base manifold, then our theorem reduces
to the classical theorem on totally geodesic maps. More precisely, it turns
out that the torsion condition of the classical theorem may be weakened to
some extent — a phenomenon, which is hidden for the traditional approach.

2. Preliminaries

We follow the notation and conventions of [11] (see also [10] and [12]) as
far as feasible. However, for the readers’ convenience, in this section we fix
some terminology and recall some basic facts.

“Manifold” will always mean a connected smooth manifold of dimension
n € N* which is Hausdorff and has a countable basis of open sets. If M
is a manifold, C°°(M) will denote the ring of smooth functions on M and
Diff (M) the group of diffeomorphisms from M onto itself. 7: TM — M
(simply, 7 or T'M) is the tangent bundle of M. 77); denotes the canonical
projection, the “foot map”, of TT'M onto T'M, as well as the tangent bun-
dle of TM. If ¢ : M — N is a smooth map, then ¢, will denote the smooth
map of T'M into T'N induced by ¢, the tangent map or derivative of ¢.

The vertical lift of f € C°(M) is f¥:= for, the complete lift f€¢€
C®(TM) of f is defined by f(v) :==wv(f), ve TM. It follows at once that
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AUTOMORPHISMS OF EHRESMANN CONNECTIONS 381
if o2 M — M is a smooth map and f € C°°(M), then
(1) (fop) = fop..

Throughout the paper, I C R will be an open interval. The velocity field
of a smooth curve v: I — M is

(2) 1::7*o%:1_>TM,

where % is the canonical vector field on the real line. The acceleration field

of v is

(3) o i) oi oi— o i oi
TETEA @ . du %\ du . du’

If v: I — M is a smooth curve and ¢ € Diff (M), then ¢ o~ is also a smooth
curve, and we have

(4) Yoy =pxo7, POy = Psx 0.

X(M) denotes the C°°(M)-module of smooth vector fields on M. Any
vector field X on M determines two vector fields on T'M, the vertical lift XV
of X and the complete lift X of X, characterized by

() X'fe= (X[, Xf =X fel™(M).

3. Canonical constructions

Let 7*TM :=TM xp TM := { (u,v) € TM x TM | 7(u) =7(v)}, and
let w(u,v):=wu for (u,v) € 7*TM. Then 7 is a vector bundle with total
space T*T'M and base space T M, the pull-back of 7 : TM — M over 7. The
C>°(TM)-module of sections of 7 will be denoted by Sec (7). Any vector
field X on M determines a section

X:veTMr (v,Xo7(v)) € TM %3 TM,

called the basic section associated to X, or the lift of X into Sec(w). The

module Sec (7) is generated by the basic sections. We have a canonical sec-
tion
d:veTMvr— (v,v) € TM x5 TM.
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Generic sections of Sec () will be denoted by X, Y, . ... Starting from the slit

tangent bundle 7 : T™ — M, the pull-back bundle 7 : TM xy TM — TM
is constructed in the same way. Omitting the routine details, we remark that

Sec () may naturally be embedded into the C”(%M)—module Sec (7).
There exists a canonical injective bundle map i: TM Xy TM — TTM
given by

i(u,v) = ¢(0), if c(t):=u+tv (teR),

and a canonical surjective bundle map
j:TTM —TM xp TM, we T,TM

— j(w) = (v, 7 (w)) € {v} X TryM.

Then joi=0, while J:=1io0j is a further important canonical object, the
vertical endomorphism of T'T'M. i and j induce the tensorial maps

X € Sec(m) — iX :=io X € X(TM),
and
§ € X(T'M) — j& :=jo& € Sec(m),
so J may also be interpreted as a C*°(T'M)-linear endomorphism of X(TM).
XV(TM) :=iSec(m) is the module of vertical vector fields on T M. The ver-

tical vector fields form a subalgebra of the Lie algebra X(T'M) at the same
time. For any vector field X on M we have

(6) iX=XxY, jX°=X,
and hence
(7) JXV=0, JX°=X"

It follows that J? = 0, Ker (J) = Im (J) = XV (T M).
C :=1i6 is a canonical vertical vector field, called the Liouville vector field.
If X € X(M) then

(8) XV,0] = X".

Acta Mathematica Hungarica 123, 2009



AUTOMORPHISMS OF EHRESMANN CONNECTIONS 383

4. Semisprays

By a semispray over M we mean a map S : TM — TTM satisfying the
following conditions:

SPRI1. TTM © S = 1TM-

SPR2. jS = § (or, equivalently, JS = C).

SPR3. S is smooth on T'M.

SPRA4. S sends the zero vectors of TM to the zero vectors of TT M.

A map S: TM — TTM is said to be a spray if it has the properties
SPR1-SPR3 and satisfies the next two conditions:

SPR5. [C,S] =S, i.e., S is positive-homogeneous of degree 2.

SPR6. S is of class C' on T'M.

If S is a spray then the homogeneity condition implies that SPR4 is true
automatically. Notice that this concept of a spray was introduced by P. Da-
zord in his These [4]. J. Grifone defined a semispray only by conditions
SPR1-SPR3, see [7]. A spray is said to be an affine spray if it is of class
C? (and hence smooth) on TM. Affine sprays were introduced by Ambrose,
Palais and Singer [1] under the name “spray”.

If S is a semispray over M, then for any vector field £ on T'M we have

(9) J[I¢, 8] = J¢.

This useful relation will be cited as Grifone’s identity; see [7], and for a simple
direct proof [13]. In particular, if X is a vector field on M, then

~

(10) JXY, 5] = X = X5,

therefore [XV,S] and X€ differ only in a vertical vector field. Thus it follows
that

(11) (XY, S] =X +n, neX'(T'M).

By a geodesic of a semispray S we mean a regular smooth curve v: I — M
that satisfies the relation

(12) 5 =804

(Regularity excludes the constant geodesics.) A diffeomorphism ¢ € Diff (M)

is said to be an affinity (affine transformation, affine collineation) of a semis-
pray S if it “preserves the geodesics as parametrized curves”. This means that

if v is a geodesic of S, then ¢ o+ remains a geodesic, i.e., poy = Sopor.
Using (3) and (12), this relation can be written in the form

(13) (pre0S—Sop)oq=0.

The affinities of a semispray S form a group Aff (S). By an important result
of O. Loos [9], Aff (S) carries a natural Lie group structure, and the Lie group
Aff (S) is at most (n? + n)-dimensional.
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5. Push-forward of sections. Commutation formulae

Recall that the push-forward of a vector field X € X(M) by a diffeomor-
phism ¢ € Diff (M) is the vector field

PuX = @y oXop L

If £ is a vector field on T'M then by its push-forward by ¢ we mean the vector
field

(@*)#5 = @ur 080 (‘P*)_l‘
In particular, the push-forward (), S of a semispray or spray is also a semi-
spray or spray. The automorphism group of S is

Aut (S) := { ¢ € Diff (M) | (ps) 45 = S}

LEMMA 5.1. The automorphism group of a semispray coincides with the
group of affinities of the semispray.

PROOF. Let S be a semispray and v: I — M a geodesic of S. If ¢ €
Aut (5), then

50507 Y Sop.0d=puoSoq 2 05 LHoT

implying that ¢ € Aff (S).
The converse statement is immediate from (13) and SPR4. O

The push-forward of a section X € Sec (m) by ¢ € Diff (M) is, by defini-
tion,

QO#X = (gp* X gp*) oXo go;l,

It follows at once that

(14) QO#(S = (5,
and, for any vector field X on M,

(15) puX =puX.

LEMMA 5.2. For any vector field X on M and diffeomorphism ¢ €
Diff (M),

(16) (04) 5 X = (2 X)".
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PROOF. We show that X¢ and (pxX)" are ¢-related. Since X€ is ¢-
related to (p«),X¢, this implies the claim. X and @z X are p-related,

so by the well-known characterization of ¢-relatedness (see e.g. [6], p. 109,
Lemma 5), for any function f € C*°(M) we have

((ppX)f) o0 =X(fop).
Taking this into account we obtain

X(f o) 2 X(fop) D (X(fop)©

—
~—

= (4 X)f 00) Y (X)) 00 € (0 X)) 0 ou,

which implies that X€ and (o4 X) are indeed ¢,-related. O
LEMMA 5.3. Let ¢ € Diff (M). Then

(17) (pu) gy oi=10py,
(18) Pu 03 =jo () y,
(19) (pe)god =T o (pu)y.

These relations may also be written in the form

(20) Pax 01 =10 (s X ©x),
(21) (s X x) 0§ = J 0 Pax,
(22) Gux 0T =T 0 .

The proof of (17) and (18) is a routine check, which we omit. (19) is an
immediate consequence of (17) and (18).
By (17) and (14), we have at once:

(23) (04)4C = C.

Since XV =iX, (20) and (15) imply

(24) () p XY = (e X)", X € X(M).
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6. Ehresmann connections

By an FEhresmann connection over M we mean a map H from
TM xp TM into TT'M satisfying the following conditions:

Cl. K is fibre preserving and fibrewise linear, i.e., for every v € T M,
Hy :=H [ {v} x T,y M is a linear map from {v} x Tr,\M = TpyM into
T,TM.

C2.joH = lrmx M, e, “H splits”.

C3. H is smooth over TM Xy TM.

C4.If o: M — TM is the zero vector field, then H = (o(p),v) = (04),(v),
forall pe M and v € T,M.

If H is an Ehresmann connection over M, then there exists a unique fi-
bre preserving, fibrewise linear map V : TTM — TM X T M, smooth over

TTM , such that
Voi= 1TM><MTMa Ker(\?) :Im(fH).

V is called the wertical map associated to H. h:=Hojand v:=i0V =
177 — h are projection operators on 7'M such that hov =voh =0 and
Im(h) ®Im(v) =TTM. An Ehresmann connection H and its associated
maps V, h, v include tensorial maps at the level of sections, denoted by the
same symbols. XM(TM) := H(X(TM)) is the module of horizontal vector
fields on TM, and

X" = 1(X) Y x(x°) = nxe

is the horizontal lift of the vector field X € X(M) with respect to H. Sq¢:=
H o is a semispray, called the associated semispray to H. We have

(25) h[C, S5 = Sy

Indeed, J( [C, Sq¢] — Sg-() © C —JS5=0, s0 [C, Sg¢| — Sq¢ is vertical, there-

fore
0=h([C,S3] — S3¢) =h[C,S3] —HojoHod
= h[C7S9'd —Hod= h[C7S9'd — Sy¢

whence (25).

A regular smooth curve v: I — M is a geodesic of the Ehresmann con-
nection H if Vo4 =0, i.e., if the acceleration vector field of v is horizontal
with respect to H. It may easily be shown (see [11], 3.3, Proposition 1)
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that the geodesics of an Ehresmann connection coincide with the geodesics of
its associated semispray. If M is a manifold with an Ehresmann connection
H, then a diffeomorphism of M is said to be an affinity (affine collineation,
or, by J. Vilms’s terminology [14], a totally geodesic map) if it preserves the
geodesics considered as parametrized curves (confer the end of Section 4).
We denote by Aff (H) the group of these transformations. The result cited
above may now be reformulated as follows:

LEMMA 6.1. Let M be a manifold with Ehresmann connection H, and let
S:=Hod. Then Aff (H) = Aff (5).

Any semispray S over M induces an Ehresmann connection Hg over M
such that for all X € X(M),

1

(26) Hs(X) = = (X +[XY,5))

O |

(Crampin’s formula, appeared first in [2], p. 179). The semispray S := Hg o &
differs from S in general; S = S if and only if [C,S] = S, i.e., if S is homoge-
neous of degree 2.

An Ehresmann connection H determines a covariant derivative operator
V in the pull-back bundle 7 by the rule

VeY = j[vE, HY] + V[he,iV]; €€ X(TM),Y € Sec(m).

V is said to be the Berwald derivative induced by H. Its v-part V¥ and h-part
VM are defined by

(27) VY = VY =jiX, HY]
and
(28) VhY 1=V, Y = V[HX,iY]

()N( .Y € Sec (m)). Actually, the v-Berwald derivative V¥ does not depend
on the choice of the Ehresmann connection since the difference of two Ehres-
mann connections is a vertical valued tensor, the Lie bracket of two vertical

vector fields is vertical, and j kills the vertical vector fields. If X and Y are
vector fields on M, then (27) and (28) reduce to

(29) VLY = VY =
and
(30) VLY =iVY = [X" VY]
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The importance of the Berwald derivative lies, among others, in the fact that
the basic geometric data (torsions, curvatures, etc.) of an Ehresmann con-
nection H{ may conveniently be defined in terms of the Berwald derivative
induced by H. In this paper we need only the following:

(31) t:=V"0 — the tension of K,
(32) T(X,Y):= V%f/ - V;l,f( —j[HX,HY] — the torsion of K,
(33) T° :=t+1isT -~ the strong torsion of H

(VM6(X) := V6, isT(X) := T(6,X); X,V € Sec (7).
We may rewrite these definitions in terms of the values on basic sections
X, Y as follows:

(34) t(X) =V[X"C] or it(X)=[x"C],

=D

(35) iT(X,Y) = [X" Y] - V" X' - [X, Y],

(36) TS(X) = V[S, XV] — j[S, X", S:=Hod.

An Ehresmann connection is said to be homogeneous if its tension vanishes.
Since

)

it(6) = iVae6 = v[H8,C) = v[S,C] = [S,C] — h[s,0] 2 5 - [c, 9,

the semispray S := H o § associated to H is homogeneous of degree 2, if and
only if, t(0) = 0.

Consider the Ehresmann connection Hg induced by S = H o § according
to (26). It may be shown (see [10], Proposition 4) that

1
B —Hs =io ST

This relation clarifies the meaning of the strong torsion as well as implies that
an Ehresmann connection is uniquely determined by its associated semispray
and strong torsion (confer [7], Théoréme 1.55 and [5], Proposition 4.8.1).
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7. Automorphisms of Ehresmann connections

Throughout this section J{ is an Ehresmann connection over M.
We begin with a simple remark. If ¢ € Diff (M) and

P H = ot 0 H o (pi X ),

then @73 is also an Ehresmann connection over M. Indeed,

21 _ _ . C?2
A (o7 x o) 0jo H o (pu x pu) B

jop®H =jopl oF o (pi x o)
= (.t x o) o (pu X ) = Lrnrx s

so ™ H satisfies C2, while the remaining axioms hold immediately. 7 is
said to be the pull-back of H by @. If o7 H = 3, i.e.,

(37) (p**oﬂ{:ﬂ-fo(gp* X 90*)7
then ¢ is called an automorphism of H.
Aut (3) == { p € Diff (M) | p*3H = 3}

is the automorphism group of H.

LEMMA 7.1. For a diffeomorphism ¢ € Diff (M) the following are equiv-
alent:

(i) p € Aut (H), (ii) psxoh=hop., (iil) Yu oV =V o pu,
(iv) (0 X 0u) 0V =V o, (V) (04)uX" = (0 X)" for all X € X(M).

PROOF. Since h := H o j, the equivalence of (i) and (ii) is a consequence
of (21), while the equivalence of (ii) and (iii) is obvious. The equivalence
(iii) <= (iv) follows at once from (20). Finally,

(0u) u X" = (ppX)" L G 0Ho X o = Ho(pu x @) 0 X oy
= 90**0%0)?:J{o(<p*><gp*)o)? < @0 H =Ho (ps X py),

so (i) and (v) are also equivalent. [

We recall that if D : X(T'M) x Sec (m) — Sec () is a covariant derivative
operator in 7, then a diffeomorphism ¢ € Diff (M) is said to be an automor-
phism of D if

(P#Df? = D(@*)#éo#f/; f € %(TM), }7 € Sec <7T)

The group of automorphisms of D is denoted by Aut (D).
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LEMMA 7.2. If V is the Berwald derivative induced by 3, then
Aut (K) € Aut (V).

PROOF. Let ¢ € Aut (H). It is enough to check that for any vector fields
X,Y on M,

V(W)#ngo#f/ =0 and V(<P*)#th0#i; = go#VXh}A/.

The first relation is an immediate consequence of (15), (24) and (29). The
second needs an easy verification:

@#vxh? (2:8) ((P* > (P*) OV[Xh7YV} ° 90;1 Lemrga 7.1
=Vo Pux © [Xh,YV] ) @;1 =Vo ((,0*)#{Xh,yv] _

— V[(SO*)#Xh, (QO*)#YV] (24), Leélma 7.1 V[(QO#X)h? (QP#Y)V] (2:8)

—= (15), Lemma 7.1 =
=Vipxpe#¥ = Ve xnesY

as was to be shown. O
LEMMA 7.3. If ¢ € Aut (H), then

pgpot=topy, pupoT =To (pu X pu), pu o T% =T 0 py.

PRrROOF. We verify the first relation. The second may be obtained simi-
larly, while the third is a consequence of the first two.
Let X be a vector field on M. Then

~

Lemma 7.2 (14), Lemma 7.1
Put(X) = pp(Vxnd) "2V =

)#XhSO#(S

~

= V(w#x)h(s = t(pxX),

hence py ot =topu. ]

LEMMA 7.4. If ¢ € Aut (H), then ¢ € Aut (Sg¢), where Sgc:=Hod is
the semispray associated to H. Conversely, if S is a semispray over M and
Hs is the Ehresmann connection induced by S, then Aut (S) C Aut (Hg).

PROOF. If ¢ € Aut (H), then
Pax 059000, = pux 0o Hodop, ! e
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W 3065 = Soe.

= Ho (pe X )0 b0,
so ¢ € Aut (Sq).
Now let S be a semispray over M and ¢ € Aut (S). For any vector field
X on M,

<. (26
@**OJ{S(X) (:) (SD**OXC+(P**O[XV75]) =

—
N =

:§(¢**0X°0@;1+¢**0[vaS]ocle) 0y =

—_

(16), (24)

= 5((@*)#XC+(‘P*)#[XV75D O ©x =

= %((sO#XY + [0 X), (0:) 45] ) 0 o “BE

1

= S ((eX)" + [(9X)",5] ) 0 00 = Hs(93X) 0 - (15)

~

=HgopypoXop,=Hso(p. xp.)oX,

which proves the second claim. ([
Now we obtain the results we were striving for.

THEOREM 7.5. A diffeomorphism ¢ of M is an automorphism of the
Ehresmann connection H, if and only if, it is an automorphism of the asso-
ciated semispray S :=H o and pyu o T% =TS o pu.

PrOOF. By Lemma 7.3 and the first part of Lemma 7.4, the conditions
are necessary. To prove the sufficiency, let ¢ € Aut (S) and suppose that
o4 0 T® =T® o py. Then, for any vector field X on M,

S, (36 v 18
pxT3(X) @ oy (]S, XY - jis, x") &

v . nd. v . sl
=4 V[S, X" —jo ((p*)#[S, Xh] = exV[S, XV] _J[S> (90*)# oHo X] .
On the other hand,

(15),(24)

%) 1 (55%) VLS, (0p0)] 38,900 g x]

T (¢4 X)
=V[S, () 4 X"] =[S, H oy o X] cond.

= Vo (pu) 48, X¥] = j[S,H 0 py 0 X].
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So our second condition ¢4 o T® = T*® o ¢4 implies that

(ps 0V =V o () ) [, X] =[S, ((4) 4 0 H = Hopy) X],
or, equivalently, that
(38) o (proV—"Vo(p.)y)[S X ] =J[S, ((p)y 0 —Hopy)X].
On the left-hand side of (38)
o (@#OV—VO(@*)#> = (go*)#ov—vo(cp*)#.
On the right-hand side,

((@*)#O}C—%OQO#)X(E) ((tp*)#of]{oj—ﬂ-focp#oj)Xc (18)

= () oh—ho () ) X = (vo(pu)y — ()0 v) XE,
so (38) takes the form

(39)
((pr) g0V =vol(p)y) [S,IXT = =[S, ((pu) oV —vo(pu)y) X

Since
J((p4) yvX) =T 0 ovXo pi =
= Qa0 J(VX )0t =0,

it follows that (p«),vX€© is vertical, and hence ((go*) ov —vo (p) )XC

is also vertical. Thus, applying Grifone’s identity (9), we find that (39)
equivalent to

(40) ((cp*) ov —vo(p) )[SJX] (((p*)#ov—vo(gp*)#)Xc.
Here, by relation (11),

[S,JX¢| = —[X",5] = —-X“+n, neX'(TM).
However, ((w*)# ov—vo ((p*)#) n = 0, since for any vector field Y on M,

() 0V = Vo P ) Y = (pa) 4V = v((pa) 1) &

= (p#Y)" = v(ppY)" =0.
So relation (40) takes the form

~((p)gov =veolp)y) Xo= ((pr)y oV = Vo lpa)e) X5

from which it follows that (gp*)# ovoXt=vo (go*)#X . Hence g ov =
V 0 4y, and we may now apply Lemma 7.1 to conclude the proof. O
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COROLLARY 7.6. If M is a manifold with an Ehresmann connection 3,
then a diffeomorphism @ of M is an automorphism of H, if and only if, v is
an affinity, i.e., preserves the geodesics of H, and gy oT® =T® o0 py, where
T*® is the strong torsion of JH.

PROOF. Let S := Hod. Since Aff (S) = Aff (H) by Lemma 6.1, the Corol-
lary is just a reformulation of the Theorem. 0

8. Discussion

Applying S. Lang’s terminology [8], let M be a D-manifold, i.e., a man-
ifold, endowed with a covariant derivative operator D. A diffeomorphism
¢ € Diff (M) is said to be a D-automorphism it o (DxY) = Dy, xp4Y for
all vector fields X, Y on M. We denote by Aut (D) the group of the D-
automorphisms of a D-manifold. In this concluding section we are going to
clarify, how our Theorem 7.5 generalizes the classical theorem:

A diffeomorphism o of M is a D-automorphism, if and only if, it is a
totally geodesic map and @y o T (D) =T(D) o (¢x X pu), where T(D) is the
torsion of D.

Suppose that H is a homogeneous Ehresmann connection over M of class

C' on TM xp3; TM. Then there is a unique covariant derivative operator D
on M such that

(41) (DxY)' = [X" Y] =iVY; XY € X(M),

and the geodesics of D coincide with the geodesics of H. (This fact is more or
less a folklore. It is mentioned in [12], for some more details we refer to [3].)
Our discussion is based on the following observation:

(42) Aut (D) = Aut (H).
Indeed, if ¢ € Aut (H), then

v (24 v (41 . s (17
(04 DxY)* ) (0., (Dx V) 2 (p.), 0iV 3V &

S = (15), L 7.2
—io gO#(VXhY) Lemga 7.2 iV(¢*)#XhQ0#Y (15) eglma

. — 3 (41) v
:lv(cp#X)hgp#Y = (D‘p#X(p#Y) s

therefore ¢ € Aut (D). Thus we have Aut (H) C Aut (D). To prove the re-
verse relation, let ¢ € Aut (D). Then, for any vector fields X, Y on M,
(i) 4 (DxY)" = (Dy, xp4Y)", which is equivalent to

(43) [0 X)" = () 4 X", Y] = 0.
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Since

I((43)" — (p0) 4 X") D (4X)" — T o () px" &

—
N

(24)

= (ppX)" - (‘P*)#JXh = (ppX)" — (‘P*)#XV 0,

the vector field (go#X)h - (go*)#Xh is vertical. Taking this into account, by
2.4(6) in [11] relation (43) implies that (go#X)h - (gp*)#Xh is a vertical lift:
(e X)" = () X" =2, Z e X(M).
Now, using the homogeneity of J and relations (8) and (23), we have
v v h
7Y =12",0) = [(ppX)" — (pu) 4 X",C] =

= _[(SD*)#th (90*)#0] = —(go*)#[Xh,C] =0,

whence (go*)#Xh = (p4X)". By Lemma 7.1 this implies that ¢ € Aut (H)
and concludes the proof of (42).
We recall that the torsion of D is related to the torsion of J{ by

(44) (T(D)(X,Y))" =iT(X,Y);  X,Y € X(M).
Hence, taking into account Lemma 7.3,
(45) peAut(H) = wyoT(D)=T(D)o(py X py).

Summarizing, if M is endowed with a homogeneous Ehresmann connection,
of class C' on TM x 3 TM, D is the covariant derivative operator defined
by (41) and ¢ € Diff (M), then we have the following implications:

v € Aff (D)
g 0T (D) =T(D)o (pg X pg)

(42) (45) J

w € Aut (D) {

¢ € Aff(H) = Aff (D)

v € Aut (H), ~— {
Theorem 7.5 Qg O TS =TSo o

From the diagram we conclude the classical characterization of the D-

automorphisms. As a by-product, it follows that the classical theorem may

be strengthened: o diffeomorphism ¢ of M is a D-automorphism, if and only

if, it is a totally geodesic map and has the property o4 o T® = T® o gy, where

TS = i5T, and T is related to T'(D) by (44).
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